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O N T H E Z E R O S O F S O L U T IO N S O F
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D E V I A T I N G A R G U M E N T S
No rio Y O SHID A
The r eha sbe e n a nin c r e a slnginte r e stin studyingthe o s cillatio n
of s olutio n s of hype rbolic equ atio n s with de viating a rgu m e nts. W e
r efe rthe re ade rtotl-3コfo rthe e xiste n c e of a rbitr a rilyla rge z e r o s,
a nd tot5, 61fo rthe e xiste n c e of bo u nded do m ain sin which e v e ry
s olutio n ha s a z e r o. Ho w e v e r, allof the m pe rtain to the hy pe rbolic
equ atio n s witho utda mpl ngte r m.
W e shall be c o n c e rn ed withthe z e r o s of solutio n s ofthe da mped
hy pe rbolic equ atio n with de viating a rgu m e nts
く串, uttくx,i,. a ut x,i, -EAuta., 小童biti,Auく -j
+cくx,i, uくx,り, uくx , TlくiJJ, . . ., uくx, TmくりjJ- fくx,り,
くa7,り E O 三 G xく0, 00J,
whe r eGis abo u nded do m ain of Rn withpie c e wis e s m o oth bo u nda ry
a Ga nd A istheLapla cia nin R
n
. Itis a s s u m edthro ugho ut thispaper
that二
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くH.J bitilE CくrO,c ol3tO, 00lHi - 1,2, . . . ,kJ, fくx,il6 Cく百妄R
I
J
a nd a is a c o n sta n七三
tH2l JiくりE Cく亡0, 00l言R
IHi - 1,2, . . . ,
-
kl, Tiくりe Cく亡0, 00妄Rll
くi - 1,2, . . . , mJ,
t
limu qiく1 - c o, JiくりSl fo r tEtO, 00 川 - 1, 2, . . . つkl,
t
liimJitlJ - 00 , Titi15i fo r ietO,cx3Hi - 1,2, . . ., mJ書
くH3l cくE. ,i,i,71,-. . . ,りmJE Cく百 x RI x R
m
iR
ll,
cくa. ,i,i,7., . . . ,りml之 A
,
o
2E fo r くa. ,りe n,E主o, りi之0
くi - 1,2, . . ., mJ,
cくx ,i,i,7., . . . , 77mJS A
,
3E fo r くx,り e n,ESO, 77i SO
くi - 1,2, . . ., mJ,
whe r eIi
,
ois a n o n n egativ e c o n sta nt.
W e c o n side rtw okinds of bo u nda ry c o nditio n sニ
CB.1 u - ゆ on a Gxく0, 001,
くB21 芸. pu - 古 o n a Gxく0, nl,
whe r e,lt,, ,Z方, FL a,r e C O ntin u o u sfu n ctio n s o naG xEO, 00J, p 之 O on
aG xEO, 叫 a nd LJ de n otesthe u nite xte rio r n o r m al ve cto rto a G.
w e de丘n ethefu nctio n si- .くsl, i- .くsl and T- .くslby
i- .くsj -
.
1Zliilk
i- 1くsJ - llZilTm
くiysipfJiぐtlト,くりナ
こ
I
I主Ii-I-I - 一二, .
T- 1Lq.i - minくi- .くsJ, i- .くsll.
DE F I N I T I O N1. By a 3 0lutio n ofthe proble mくヰl,くBil くi -
1
,
2l, w e m e a n a- fu n ctio n 巾 ,け亡 C
2
く否 xくL.くOJ, 00l言R
IJn Cく否 x
くi- .くOl, 00liR
ll-which s atisfie sく串l,くBilくi - 1,2J.
YO Sq ID A 1 2 7
DE F I N I T I O N2. A s olutio n u oftll ePrOble mく串J,くBiJくi - 1,2J
is s aidto be o s cillatoryin 0 ifu ha s a z e r oin G x くi, cx3Jfo r a ny
i B 0.
Ou r obje ctiv eisトtO de riv e s u氏 cie nt c o nditio n sgu a r a.nte eingthat
the r e a r ebo u nded do m ain sin which e v e ry s olutio n ofthe bo u nda-ry
v alu eproble m sくホj,くBil くi - 1,2lll a-S a Z e r o.
It.is kno w nthat the first eige n v alu e入1 0fthe e lge n V alu epr oble m
- A w ニ スw in a,
w ニ O o11 a G
is po sitive andtil e C O rr e SPO nding eige nfu n ctio n 申くxJm ay be cho s e n
s othat 申くa.iD 0 in a. As s o ciated with e v e ry s olutio n, w edefin ethe
fu n ctio n sUくり a ndOくりby
ごくり
- JG uCI,,i, 叫dx, i2 0,
uciJ - IG uくal,tldx, i之0.
T hefollo w lng n otatio n will be u s edニ
てく
-I, - fc7.fC 州 柵 i2 07
叩
,
- ji.f 帥 tl,. , i20,
叫 - I,G 脚 若くt lldS, i20,
的 - JOG. 如 ildS, i之0.
TH E O R E Ml. Let cy2 - 4く入1+Ii
,
3Jく 0,. a nd let wl - 号 a ndLU2 -
4く入1 + A
,
8卜 ctJ2 1 Ifthe re elk.ists a ,71u mbe r s s u chthatT- 1くjJ之0
a 77,Cl
Ht.51三 r%QCilewlく叫 sin w2くi - sldi - 0,
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the n ev e ry s olutio n
J
u, Ofthe pr oble mく串1,くBl has a z ero in G x
くT- 1くsl, s +孟J, whe re
k
糾1 - Ftiト 叫 ト ニbitilせくgiくill.
iニ 1
pR O O F. Suppo s eto the c o ntr a l
.
y that the reis a, s olutio n u of
the pr oble mく串1,くB.1which ha s no z e r oin a xくT- 1くsl, s+芝1. First
w elet u ン O in G xくT- 1く占l, s +孟1. M ultiplyingく串1by 叫Ja nd
integr ating ov e rG yields
く1 U
II
くり+ cUくま卜
k
Auくx ,り+ EbitilAuくx, qiくi11
iニ 1
重く.tlldx
+fG Cく1. ,i, uくa. ,il, uくx ,Tlく恥 . . ., uくx , T-く棚 くxldLt. - 叩 , iン 0.
Using Gr ee n
,
s fo r m ula
,
w e obtain
く21 lG 叫 棚 くxldLt. - - 叫 一 入1UM,
く31 lG Autl,, qitil 榊 dl, - 叫 g 州 一 入.UtJiくiJl
くs e eE5, p.1561う. Bythe defu,itio n of T- 1くsl, w e s e etha.t uくa
l
,り ン O
a.nd ,u,C.,1,, Tiくりl之 0くi - 1,2, . . . 7 mlin G xEs, s +孟J. The n, the
hy pothe sisくH3limplie stha.t
く4,lG Cく.,,I,i, .u,C.1, ,
I
i,, JuJCIt,, Tlく恥 . . . , 一uJく,,, T-ti,,沖くa
.,dtT 2 A
,
i2uci,
for i-ELq,, a + 孟l. Co mbiningく1トく4Jyields
k
u
,I
くil+ cu
l
tl +く人1 + K31Uくり+ 入1EbitiJUCJiくり1S 帥1
iニ1
fo ri Ei.5. , S +孟1. Sin ce -uJ ン O in G xくT1 1く5J, 5
. +吉1, w e obs e rve that
uくJiくill之 0くi - 1,2, . . . ,kJin Lq, s + 孟Jin vie w ofthe definitio n of
T- .く51. He n c e, w efindthat Uくりis apo sitiv e s olutio n of
u
II
くり+ cL,U
I
Cil+く入. + A
,
81Util三 帥1, i Et5., ,S + 孟1,
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whichis equ lVa,lent to
く51 U
II
くtl+2LJIU
,
Ciプ十くLJ.
2
+LJZIUくt15 帥j, i Er.5, S +芸II
M ultiplyingく5うby e
wlく叫 sin LJ2くト sla-nd integr ating ove rLq, 5. +芝1,
w e obta.in
く61 ULq +蓋Ieく
ullu 21打 + ULqlS -i HLql
LJ2
くseeE4, Le m m a31JI T heleftha nd side ofく6lis po sitiv e, but the right
ha nd side ofく6lis z e r oby the hy pothe sis. T hisis a c o ntr adictio n.
Ne xt w e c o n side rthe c a s e whe re uく O in a xくT- 1くsJ, s + 芝l.
Pr o c e eding a sin the c a s e whe re uン 0, w e co n clude tll at Vくり 三
IGLuくtll,iJl申くxldx s atisfie s
V
II
くtl+2LJIV
I
くil+くLJ.
2
+ LJ書jVくりS 一 郎J, i eFs, a +蓋J,
a nd he n c e w e a r eled to a. c o ntr adictio n. T he pr o of is c o mplete.
Co R O L L A R Y1. Iithefu 17JClio n Hくslis o s cillaio ry ai s - C XL.
the n e v e ry s olutio n u ofthe pr oblerm く串l,くBIJis o s cillatoryin 0 .
PR O O F. T he hy potll e Sisimplie sthatfo r a ny i 50tll e r e e xists
a n u mbe r s s u ch that T- 1くsJ ン i and Hくsl - 0. It follo w sfr o m
T he o r e m1that e v e ry s olutio n u of the pr oble m く串l,くBIJha s a. z e r
.
o
in G xくT- 1くsl, a + 蓋1 c G xくi, 叫 . He n c e, e v e ry s olutio n u lS
o s cillato ryin 0.
T H E O R E M2. Let A
,
. ン O a nd cy
2
- 4 Ko
2
く 0, a nd let w3 -
1
4 Ii
,
.
2
- cy
2
. Ij
l
ihere is a nu mbe r s s u ch thatT- lく51之O a nd
HIsl三上増 的 e-lくt- s,sin w3くi - sJdi - 0,
the71, e v e ry S Olutio n, u ofthe proble m,くホ1,くB2lha s az e r oil-, G x
くT- 1く5J, .5 +孟l, whe re
k
融J- fくり+宙くり+ Ebitt沖くJiくりJ.
iこ 1
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PR O O F. Suppo s ethat u is a s olutio n oftll ePrOble mくヰJ,くB2J
which la S n O Z e r oin G xくT- 1く占J, s +孟1. First w e a s s u m etll at
,
LLB 0
in G xくT- 1Lq.1, a + 孟l. The n, uくal, Tiくりl之OihG x Lq, -q + 芝川 -
1
,
2
,
. . .
,
ml. Bythe hy pothe sisくH31, w e have
く71 cくx ,i, uく.T,り, uくエフ, T.くill, . . . , uく.tl , Tmくり11之Ii
,
言uくa.,り
in G xts, a +孟1. h tegr atingくホlo v e rG, taking a c c o u nt ofく7うa nd
u slngGr e e n
,
sfo r m ula, w e se ethat
く81 6
,,
til. 榊 . 榔くi卜f, a.芸くal ,ildS
一童bitt,.I,G芸くal , qiti,,dS S 恥 i Ets, s . 計
In vie w ofくB2l, w e obs e r v etha.t
料
.I,G
au
万ニく
t
.
,
ijdS-faGトpく 柵 く,,,iJ. 触 りjdSS 的
fo ri EEs, s + 孟1. Ana.logo u sly w e obtain
く101
.I,G3x, J ,A.くtJjdS5 的くりl, 吋 s, s .蓋J.
Co l,nbiningく8トく10Jyields
L7,Iくり+ at7,ttけ A
,
3L7くりS 卯J7 i Ets, s + 孟J.
Pr o c e eding a.sin the pr o ofof T he o re m1, w e a r eldto a c o ntr adictio n.
T he c a.s e wll e r e uく O in G xくT- .く占J, a+吉Ic a nbe ha ndled simila rly
and w eha v e a c ontr adictio n. The pro of is c o mplete.
Co R O L L A R Y2. Ifthefu n ctio n HくsJis o s cillato ry al a - c x ,,
the n e,V ery s olutio n u ofihe proble mく串l,くB2Jis o s cilato ryin fl.
The pr o ofis simila rto that of Co r olla.ry 1 and le n C e Will be
o n.1itted.
RE M A R h, 1. In the c a s ethat
rn
cくこL. ,i,i,71, . . .,7mj - K62E+ EIi
,
iくLt. , 柵 7i,
iニ1
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wll e r eA
,
iくユニ,りくi - 1,2, . . . , mJa r e n o n n egative c o ntin u o u sfu n ctio n s
in 0 a.nd e a,ch 7.i D 0 is the qu otie nt of od d integer s,itis e a silv s e e nL I
tha.t cくtlフ.,i,-,i, T71, . . ., r7T,J s a.tisfiestll ehypotle SisくH3l.
RE M A R h, 2. Let li
,
.
,
.tl-とニ,i,yHj - 1, 2, . . . , mlbe n o n n egative
c.ntin u o u sfu n ctio n sin 行 x 否. Itis obviou sthat o ur r es ults hold
t ru eifcくt17,i, uくユニ,り, uくLtl , Tlくiプl, . . . , uくLT, TmくりIJa r e r epla ced by
cく.77,i, uく.tl,り, uくa., TlくilJ, . . . , uくa7, TmくりJJ
+皇
jこ 1
fG Il
,
.,
.tx,i,ylh 仙 , 州 Jdy,
whe r eh
,
.くsle CくRl言RIHj - 1,2, , . ., mJ a r e od d fun ctio n sin Rl
a nd h
.,
,く占120 fo r sン 0.
RE M A R K3. Ou r re s ults m aybege n e raliz ed to t.he mor egen e ral
hype rbolic equ atio n
utt LT ,i,. - くal ,i卜くLtutx ,i,i.をbiCt,Ltutal, Jiくり,コj
+cくal ,i, uく.1,,il, uくal, Tlくり1, I . . , uくa. , T mくりJJ- fくx.,り,
wll e r eL is the u nifo r mly elliptic ope rato rdefin ed by
LEuJ,三
ig.孟くaijCx,i,割
くcf. 剛 .
Ex A M P L E1. We c o n siderthe pr oble m
い1l uiiくal,l +2uiく1フ,り - tu m .くLt.,il+2u E Xくx,i - 7,lj+ uくx,り
- 4 sin Lll . C O S2i
, くtT ,ileく0,平Ixく0, 00J,
い2j U仁O,り こ 一uく7T,il - 0, iン 0.
He r e T71 - 1
,
G - く0, 7rl, ct - 2, k - 1, blくり - 2, Jlくり - i -
7r
,
Ii
,
o - 1, ,め - 0 a lld .什tニ,り - 4 sin L7丁 . C O S2i. Itis e a.sy to s e ethat
LJl
- 1
,
LJ2 - 1, T- .Lq.I - .i,1ts
t
くi 一 打j - s 一 打, a.nd
叩 -
.I.
打
4 sin ユ丁 . C O S2i . sin ユニd.7ニ ニ 27T C O S2t.
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Sin c eせくり 三 07 W eha v e.Qくり 三 FくiJ. A little calc ula.tio nsho w sthat
IILql -
.L
s+q
く2汀 C O S2ile
i - s
sinくi - sldi-去打くeq .1lsinく2s - Oo1,
whe r eOo - ta.n
1 1書く0 く Oo く昔J. The r efo r e, Hく5l - 0 fo r -q - 5n -
普+ 管 主 7Tくn - 2,岳, . . .J. T he o re m1 implie sthat e v e ry s olutio n .uJ
ofthe proble mく11l,く12Jha s a. z e r oin G xくsn - 7r, Sn +7,l. On e s u ch
s olutio nis u ニ Sin x . sin 2i.
Ex A M P IiE 2. W e c o n siderthe pr oble m
く13JuiiくLtl,り+2uiく1三,り -tux xくal,り+2u x xくx,t 一 昔Jj+ 2uくal ,り
- 2sin al . C o st
, くt l,ilEく0,7rJxく0, 00l,
く14l - uxlく0,り+ U仁O,り ニ ー C O St, t ン0,
く15J u.Tく7r,il+ ut7T,tl ニ ー C O Si, l ン d.
He r e n- 1
,
G - く0,7Tl, a - 2, k - 1, blくり - 2, Jlくり - i l 苦, Ii
,
.
2
-
2 a nd fく.1. ,り - 2sin x . c o st. W e e a sily s ee that LJl - 1, L J3 -
1
,
T
- ILqJ - s 一 号, 毎くil - - 2c o si, 魯くl 一 昔1
-
-
- 2sin i and
軸 -i.
打
Hen c e
,
w e丘ndthat
2 sin こr. C O Stdi ニ 4 c o st.
釣1- 4 c o si+ ト2 c o stJ+2ト2sintJ - 2c o sト 4sini.
Sin c e
HIsl -
.L
s+T
f2c o si - 4sin 叶 ssinti - sJdi ニ ー 2くe
汀
- 1lco s s,
w e obs e r v etll at HくsJ - O fo r .5 - 5. n - 号+ n 7r三言くn - 0,1, . . .J. It
follo w sfr o m Theore m 2that e v e ry s olutio n u ofthe pr oble l
.
nく13ト
い51ha.s a. z e r oinくさn 一 号, sn + 7rl. Fo r e x a mple, u - sin a
l
. C o stis
s u ch a. s olutio n.
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